A bound for the least Gaussian prime $\omega$ in a given angle (Automorphic Forms and $L$-Functions) by 松井, 一
TitleA bound for the least Gaussian prime $\omega$ in a givenangle (Automorphic Forms and $L$-Functions)
Author(s)松井, 一




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
A bound for the Least Gaussian Prime $\omega$ in a given angle
–
Matsui Hajime
$f(z)= \sum_{n\geq 1}a(n)e2\pi inz$ , $\mathrm{S}\mathrm{L}_{2}(\mathrm{Z})$ , $k$
. $f$ Hecke , $a(1)=1$
. $p$ Ramanujan-Deligne $|a(p)|\leq 2p^{\frac{k-1}{2}}$ ,
2 $\cos\theta_{p}=a(p)p^{-}\frac{k-1}{2},0\leq\theta_{P}\leq\pi$ $\{\theta_{\mathrm{P}}\}$ .
Tate .
Conjectime. $(a, b)\subset[0, \pi]$ ,
$\lim_{xarrow+\infty}\frac{\#\{p\leq x,\theta_{P}\in(a,b)\}}{\#\{p\leq x\}}.=\frac{2}{\pi}\int_{a}^{b}\sin^{2}\theta d\theta$ .
, . . $f$
$\text{ }m-’\lambda\backslash$ symmetric power $L-\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} \mathfrak{B}\mathrm{A}Lm(S)\xi$ ,
$L_{m}(s)= \prod_{p}\prod_{\iota=0}^{m}(1-e\mathrm{p})i(m-2l)\theta-1$ $({\rm Re}(S)>1)$
. $m$ $L_{m}(s)$ ${\rm Re}(s)\geq 1$
, Tate .
, $m\leq 2$ $L_{m}(s)$ $($
$m=3$ Kim-Shahidi [3] ), $m=4,5$
$s$- , $m=4$ ${\rm Re}(s)\geq 1$ , $m=5$





, Serre . $\{\theta_{P}\}$ , $a_{p}=2 \cos\theta=ap(p)p^{-}\frac{k-1}{2},$ $-2\leq a_{\mathrm{p}}\leq 2$
$\{a_{p}\}$ .
Theorem (Serre, [9]). $\epsilon>0$ , $a_{p}>2 \cos\frac{2\pi}{\tau}-\epsilon$
. $a_{\mathrm{p}}>-2 \cos\frac{2\pi}{7}+\epsilon$ . 2 $\cos\frac{2\pi}{\tau}=1.246\cdots$ .
Serre .
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Problem. (i) . , $\epsilon>0$ $\delta(\epsilon)$ ,
$\lim_{xarrow+}\sup_{\infty}.\frac{\#\{p\leq X,a>2\mathrm{P}\cos\frac{2\pi}{7}-\epsilon\}}{\#\{p\leq x\}}\geq\delta(\epsilon)$
.
(ii) $\epsilon>0$ $B(\epsilon)$ , $P\leq B(\epsilon)$ , $a_{p}>2 \cos\frac{2\pi}{7}-\epsilon$
.
(i) Sol\’e [10] . Serre




Theorem ([4]). $K$ , $L$ $K$ Galois , $C\subset \mathrm{G}\mathrm{a}1(L/K)$
Galois . $L$ $K$ $P$ ,
$P$ $L$ Frobenius Galois
$[ \frac{L/K}{P}]$ .
$NP\leq 2d_{L}^{C_{1}}$
$K$ $[ \frac{L/K}{P}]\in C$ . $N$ , $d_{L}$ $L$





. , [5] , Galois
. Serre (ii) ,
.
Serre ,





Main Theorem 1. $K$ 2 , $L$ $K$ , $C$ Galois
. $\chi$ $K$ $H$ , $u$




, $[ \frac{L/K}{P}]\in C$ $\alpha<\arg(x(P))<\beta$ . $b_{1}$ $L,$ $K$




$L,$ $K$ Gauss , $\chi$ $a\in K^{\cross}$ l \mbox{\boldmath $\chi$}(a) $=( \frac{a}{|a|})^{4}$ ,
Gauss .
Main Theorem 1 , Lagarias-Montgomery-Odlyzko , $K$ 2
, $L/K$ .
, Lagarias-Odlyzko [51 , –
, Artin L- Hecke L-
, . $b_{1}$
, Siegel , Lagarias-Montgomery-
Odlyzko [4] . . Siegel
Main Theorem 1 ,
. Serre . .







$L_{0}(s),$ $L_{1}(s),$ $L_{2}(s)$ – Riemann , (i), (ii)
$p \leq\frac{c_{6}}{\epsilon^{2}}\log^{2}k$ .
Serre $a_{p}>2 \cos\frac{2\pi}{7}-\epsilon$
, $a_{p}>-\epsilon$ -1–\epsilon $<a_{p}<1+\epsilon$
, . . –





2 . $k(s)$ [4] , $k(s)=k(s;x)=$
$( \frac{x^{2s-\mathrm{z}S-1}-x}{s-1})^{2}$ .
$\sum_{pm}\sum_{\geq 1}a\log pp\cdot\wedge k(p^{m};x)=\sum_{\rho}.-k(\rho;x)$, (1)
$\rho$ $L_{1}(s)$ , $\hat{k}(v;x)$ $k(s)$ Mellin , $v>0$ ,
$\hat{k}(v;x)=\hat{k}(v)=\frac{1}{2\pi i}\int^{2+}2-i\infty=i\infty k(s;x)v^{-s}dS\{$
$\frac{1}{v}\log\frac{v}{x^{2}}$ if $x^{23}\leq v\leq x$ ,
$\frac{1}{v}\log\frac{x^{4}}{v}$ if $x^{3}\leq v\leq X4$ ,
$0$ otherwise.
. $v>0$ truncate $\llcorner$ ,
$v^{-1}$ , $k(s)$ . (1)
$m\geq 2$ . (1) , ,
$L_{1}(s)$
$L_{1}(\sigma+it)\neq 0$ on $\sigma>1-\frac{c_{6}}{\log(k(t+1))}$ (2)
. (2) , Moreno [8] . (2) , $t=0$
,
. , $x\geq 2$
$\sum_{p}a_{p}\log p\cdot\hat{k}(p;X)\ll\log^{2}k$ (3)
. Riemann $\zeta-$ $L_{0}(s)$ , $\Sigma_{p}\log p$ .
$k(p;x\wedge)-\log^{2}x\ll 1$ .
$(-\epsilon, 2]\subset[-2,$ $2_{\mathrm{J}}^{\rceil}$ $c_{(-\text{ },21}(\cdot)k$
,
, $a+\epsilon\leq(2+\epsilon)c(-\epsilon,21(a)$
. $a+\epsilon$ $a=2\cos\theta$ , -Tate 2 $\sin^{2}\theta d\theta$
, $\epsilon$ . , Sol\’e [10]








$\epsilon\sum_{p}\log p\cdot k(\wedge p;X)+\sum_{p}a_{p}\log p\cdot k(p;x)\wedge$
$\geq$ $\epsilon\log^{2}x-c7\log^{2}k$ . (4)
153
x>k , $>0$ , $k(s)$ Meffin , $k^{2\sqrt{\lrcorner \mathrm{c}\epsilon}}<$
$p\leq k^{4\sqrt{\frac{c_{7}}{\epsilon}}}$
$a_{p}\in(-\epsilon, 2]$ . (i)
.
Main Theorem 1 . – Riemann
. $b_{2},$ $b_{3},$ $b_{4}$ $L,$ $K$
. 2 Hecke L-
$L(s, \phi\chi^{\varphi})=\sum_{I}\frac{\phi\chi^{r}(I)}{NI^{s}}=\prod_{P}(1-\phi x(rP)NP^{-s})^{-1}$ $({\rm Re}(s)>1)$
. \mbox{\boldmath $\phi$} $L/K$ $K$
, $r\in \mathrm{Z}$ . (3)
$|_{NP.\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{e}}. \sum_{\mathrm{m}}\phi x(P)r\log NP\cdot\hat{k}(NP;X)-\delta_{\phi}\log x|\chi^{r}2\leq b_{2}\log^{2}NH(|ur|+e)$ .
2 , Sol\’e ,
, [7] Selberg . ,
$B_{R}(t)$ $=$ $-$ $\frac{1}{R+1}\sum_{r=1}\{R(1-\frac{r}{R+1})\cot(\frac{\pi r}{R+1})+\frac{1}{\pi}\}\sin 2\pi rt$
$+ \frac{1}{2(R+1)^{2}}\{\frac{\sin\pi(R+1)t}{\sin\pi t}\}^{2}$ ,
,
$S_{K}^{-}(i)$ $=$ $b-a-B_{R}(b-t)-BR(t-a)$ (5)
. $R$ . $B_{R}(i)$ (extremal) .
, $[t]$ $t$ , $\tau(t)$ ,
$\tau(t)=\{$
$t-[t]- \frac{1}{2}t\not\in \mathrm{Z}$ ,
$0$ $t\in \mathrm{Z}$ ,
, $\tau(t)\leq B_{R}(t)$ , $T(t)$ $R$
$\tau(t)\leq T(t)$ , $\int_{0}^{1}T(t)dt\geq\frac{1}{2(R+1)}$ ,
$T(t)=B_{R}(t)$ . Vaaler [11]
. $(a, b),$ $a<b\leq a+1$ $c_{(a,b)}(t)$
, $a,$ $b$ $C_{(a,b)}(t)=b-a-\tau(b-t)-\tau(t-a)$ , (5)
$S_{R}^{-}(t)\leq C_{(a,b)}(t)$ . $s_{R,\prime}^{-}(t)$ Sol\’e




. $\sum’$ $L/K$ $\iota\frac{L/K}{P}$] $\in C$ $\lambda<\arg(x(P))<\mu$
. $x=\exp\sqrt\{(R+1)\log^{2}NH(|u|R+1)\cdot\log(R+1)\}$
$R=[.b_{4}/(\mu-\lambda)]$ , (6) $>0$ , $NP \leq\exp(\frac{b_{1}}{\sqrt{\mu-\lambda}}\log NH(|u|+$
$1) \cdot\log^{\frac{3}{2}}(\frac{2\pi}{\mu-\lambda}+1))$ $[ \frac{L/K}{P}]\in C$ $\lambda<\arg(\chi(P))<\mu$ $K$
$P$ . 1 [6] .
, $L_{1}(s),$ $L_{2}(s)$ , (2)
. , $L_{3}(s)$
. $L_{3}(s)$ , (2)
, $a_{p}>1-\epsilon$ ,
.
L- , . $L_{1}(s)$
, $t=0$ .
– Siegel ( ) , Dedekind $\zeta-$
. Moreno [8] , Siegel
.
$L_{1}(s)$ Siegel Hoffstein-Ramakrishnan [2]
. [2] ,
$\mathrm{G}\mathrm{L}(2)$ cuspidal standard L- . [2] , $L_{2}(s)$
( , - $\mathrm{G}\mathrm{L}(3)$ ) Siegel ,
, Banks [1] . ,
(ii) $L_{1}(s),$ $L_{2}(s)$ , (i) .
$L_{3}(s)$ , $L_{1}(s)$ Siegel
. Moreno [8] , Serre .
L- .
$\Psi(s)=L_{0}(s)6L_{1}(s)^{7}L2(s)4L_{3}(s)$
, $L_{0}$ 6 $L_{1}$ 7 ,
$6+7(2\cos\theta)+4(2\cos 2\theta+1)+(2\cos 3\theta+2\cos\theta)\geq 0$ , $- \frac{\Psi’}{\Psi}$
. Hoffstein-Ramakrishnan [2] ,
L- . L-
, . ,
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